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We establish results similar to Kramers and Lieb-Schultz-Mattis theorems but involving only
translation symmetry and for Majorana modes. In particular, we show that all states are at least
doubly degenerate in any one and two dimensional array of Majorana modes with translation sym-
metry, periodic boundary conditions, and an odd number of modes per unit cell. Moreover, we show
that all such systems have an underlying N = 2 supersymmetry and explicitly construct the genera-
tor of the supersymmetry. Furthermore, we establish that there cannot be a unique gapped ground
state in such one dimensional systems with anti-periodic boundary conditions. These general results
are fundamentally a consequence of the fact that translations for Majorana modes are represented
projectively, which in turn stems from the anomalous nature of a single Majorana mode. An ex-
perimental signature of the degeneracy arising from supersymmetry is a zero-bias peak in tunneling
conductance.
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A Majorana mode is a strange concept. Formally, it
represents
√
2 degree(s) of freedom because two Majo-
rana modes constitute a single qubit or spinless fermion.
By construction, the Majorana mode is its own anti-
mode: its creation and annihilation operators are iden-
tical [1]. While the mathematical existence of Majo-
rana modes arises simply from a change of basis in the
particle-hole space, the physical manifestations of the
above properties are extremely nontrivial [2] and impor-
tant for quantum computation purposes [3–5]. The fact
that a Majorana is only a fraction of a physical electron
or qubit suggests the possibility of encoding information
in two widely separated Majoranas, each of which is im-
mune to local decoherence. Furthermore, the Hermitian
nature of the Majorana mode forces it to exist at zero
energy in the superconducting gap of physical systems,
allowing experimentalists to zero in on finding a zero bias
peak in tunneling, which is necessary if a Majorana mode
is present.
There has been tremendous effort [6–10] toward realiz-
ing these Majorana modes at the endpoints of both one
dimensional topological superconductors in nanowires
[11–15] and atomic chains [16], as well as from two di-
mensional interfaces between topological insulators and
superconductors [17–19]. The increasingly compelling
evidence for single Majorana modes and the substan-
tial activity in this field suggest that scaling the sys-
tem to realize multiple Majoranas along a line or in a
two-dimensional grid may be realized in the near future.
In such setups involving lattices of emergent Majorana
modes, the low energy effective Hamiltonian involves in-
teractions between such modes, and such models host
abundant and fascinating phenomenology. For example,
two [20] and three dimensional [21] lattices of Majorana
zero modes may provide new architectures for quantum
information processing and new topological phases.
Moreover, there have been several proposals which em-
ploy Majorana modes for realizing supersymmetry, which
is a highly appealing concept from particle physics [22–
25], relating bosonic and fermionic modes to each other.
Though signatures of it have yet to be observed, there
are several condensed matter systems in which super-
symmetry may emerge at long time and distance scales
(“scaling limit”), especially close to a critical point [26–
30]. In particular, the supersymmetric tricritical Ising
model may be realized at a critical point of Majorana
systems [28, 31]. Furthermore, time-reversal acts as a su-
persymmetry on vortices of topological superconductors
[32]. However, exact supersymmetry in lattice models
typically requires fine-tuned Hamiltonians [33–38].
In this work, we show that all Majorana systems with
translation symmetry and an odd number of Majorana
modes per unit cell exhibitN = 2 supersymmetry and we
explicitly construct its generator and identify its experi-
mental consequences. For one dimensional systems with
periodic boundary conditions, we establish a Kramers-
like theorem [39] but for translation, not time-reversal
symmetry: we show that every energy level is at least
doubly degenerate. With anti-periodic boundary condi-
tions, we establish a result along the lines of Lieb-Schultz-
Mattis [40] and rule out the possibility of a unique gapped
ground state, using recent results for spin chains [41–
44]. For two dimensional systems, we also establish at
least twofold degeneracy for all states and for all system
dimensions. The essence of all these results is the frac-
tional nature of the Majorana mode. Each unit cell, with
an odd number of Majoranas, cannot exist intrinsically,
and therefore the symmetry group involving translations
and fermion parity is represented projectively. We will
now illustrate this in detail and conclude by mentioning
several experimental venues for our results, in which a
striking signature of supersymmetry is a zero-bias peak
in tunneling experiments.
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FIG. 1: (left) Translationally invariant Majorana modes, with
periodic boundary conditions, have at least twofold degener-
acy in the energy spectrum. The underlying supersymmetry
requires that each energy level contains pairs of fermionic and
bosonic superpartners. (right) The same system, with anti-
periodic boundary conditions (depicted by a slash through
a bond), cannot have a unique gapped ground state in the
thermodynamic limit.
1D, PERIODIC BOUNDARY CONDITIONS
Consider N (even, to have a well-defined total Hilbert
space) Majorana modes {γi}i=1···N localized at N sites
spaced around a ring, and consider general Hamiltonians
invariant under translation by one site and with periodic
boundary conditions:
H =
N∑
i=1
Hi. (1)
We make no assumptions on the structure of Hi other
than translation invariance and the conservation of
fermion parity. In particular, let Pˆ ≡ iN/2∏Ni=1 γi be
the fermion parity operator, for which we have [Pˆ ,Hi] =
[Pˆ ,H] = 0.
Let T be translation by one site:
Tˆ γiTˆ
−1 = γi+1 (modN). (2)
By assumption,
TˆHiTˆ
−1 = Hi+1 (modN) (3)
=⇒ [Tˆ ,H] = 0. (4)
However, translation and fermion parity anti-commute:
Tˆ Pˆ Tˆ−1 = iN/2
( N∏
i=2
γi
)
γ1 = −Pˆ (5)
because N is even and γ1 is anti-commuted through an
odd number of Majoranas to return to the beginning. We
note that the fact that P and T can anti-commute has
been used to classify fermionic phases protected by trans-
lation symmetry [45]. It follows that every eigenstate of
H is at least doubly degenerate: if H|ψ〉 = E|ψ〉 and
P |ψ〉 = p|ψ〉 (p = ±1), then HT |ψ〉 = TH|ψ〉 = ET |ψ〉
and PT |ψ〉 = −TP |ψ〉 = −pT |ψ〉, and thus T |ψ〉 is also
an eigenstate with energy E and orthogonal to |ψ〉. A
similar algebraic structure (but not involving translation)
was used in [46] to establish spectrum doubling.
DEGENERACY AS A CONSEQUENCE OF N = 2
SUPERSYMMETRY
We now show that all translationally invariant Majo-
rana Hamiltonians in 1D with periodic boundary condi-
tions and an odd number of Majoranas per unit cell are
supersymmetric. The two-fold degeneracy of the spectra
found in the previous section can then be thought of as
a consequence of this underlying supersymmetry.
We first shift all the eigenvalues of the Hamiltonian H
by a constant so that they are all non-negative. Then we
define the following fermionic, non-Hermitian operator
Qˆ:
Qˆ =
√
H
2
Tˆ (1ˆ + Pˆ ), (6)
where 1ˆ is the identity operator. Clearly, Qˆ commutes
with the Hamiltonian H: [H, Qˆ] = 0. Most importantly,
due to the relation {Tˆ , Pˆ} = 0, one finds
Qˆ2 = (Qˆ†)2 = 0, (7)
{Qˆ, Qˆ†} = 2H. (8)
Therefore, Qˆ acts as the generator of anN = 2 supersym-
metry (N equals two because Qˆ is a non-Hermitian oper-
ator and can be decomposed as Qˆ = Qˆ1 + iQˆ2 where Qˆ1
and Qˆ2 are Hermitian) [47]. Thus, all Majorana Hamil-
tonians in 1D which have an odd number of Majoranas
per unit cell with periodic boundary conditions furnish
an N = 2 supersymmetry.
Supersymmetry naturally explains the results derived
in the previous section on the nature of spectra. All
energy eigenvalues are doubly degenerate, and the cor-
responding eigenstates can be chosen as fermion parity
eigenstates with opposite parity. Explicitly, given an
eigenstate |n〉B with energy En and fermion parity +1,
its fermionic partner eigenstate, which has the same en-
ergy eigenvalue En but opposite parity, is given by:
|n〉F = Qˆ|n〉B√
2En
, (9)
where we have normalized so that F 〈n|n〉F = 1. The
opposite fermion parity of |n〉F follows because {Pˆ , Qˆ} =
0.
Due to the factor of 1√
2En
in Eq. (9), in a general
supersymmetric theory, the existence of supersymmet-
ric partner eigenstates is guaranteed only when En 6= 0.
However, in our case, the zero of energy plays no spe-
cial role (recall that, generically, we already have to shift
3all energy levels by a constant so that En ≥ 0), and
therefore, the supersymmetric partner eigenstates exist
for all n, including the ground state. Therefore, the Wit-
ten index, which is defined as the difference between the
number of bosonic and fermionic groundstates, is zero.
1D, ANTI-PERIODIC BOUNDARY CONDITIONS
Local Hamiltonians of the above type but with anti-
periodic boundary conditions commute with the twisted
translation operator T˜ , which has the action
ˆ˜Tγi
ˆ˜T−1 = γi+1 (i < N), (10)
ˆ˜TγN
ˆ˜T−1 = −γ1. (11)
Since ˆ˜T commutes with Pˆ , the degeneracy found above
is not required here.
However, we now show that for such Hamiltonians with
anti-periodic boundary conditions, it is not possible for
there to be both a unique ground state and a finite exci-
tation gap in the thermodynamic limit. Such constraints,
with origins in the Lieb-Schultz-Mattis theorem, have
been recently established [41, 42] for spin chains in which
each unit cell transforms under a projective representa-
tion of a global symmetry (e.g., time reversal). We will
now make contact with these recent results by doubling
the Majorana system and reinterpreting it as a spin sys-
tem with additional symmetry from the doubling con-
struction.
Assume for the sake of contradiction that the Hamilto-
nian H has a unique gapped ground state |ψ0〉. Consider
the doubled system HD = H + H¯ where H¯ is simply a
second copy of H with Majorana operators represented
by γ¯. Since each subsystem has a unique gapped ground
state, the composite HD also has a unique gapped ground
state |ψ0〉 ⊗ |ψ0〉. We now Jordan-Wigner transform HD
into a spin system:
γi =
(∏
j<i
σzj
)
σxi , (12)
γ¯i =
(∏
j<i
σzj
)
σyi . (13)
Care must be taken because the spin system with fixed
boundary conditions only corresponds to a fixed fermion
parity sector of the fermionic system. It is straightfor-
ward to check that the spin system with periodic bound-
ary conditions corresponds to the fermion system with
anti-periodic boundary conditions and even fermion par-
ity. This sector includes the composite ground state
|ψ0〉 ⊗ |ψ0〉 (whose parity is the square of the parity of
|ψ0〉).
Through the doubling construction, HD has a set of
discrete symmetries involving swapping the two chains.
There is a Z2 group generated by γ ↔ γ¯ and a Z4 group
generated by γ → −γ¯, γ¯ → γ. In the spin language, these
correspond respectively to the symmetries
σxi ↔ (−1)i+1σyi , (14)
σzi → −σzi , (15)
and
σxi → −σyi , (16)
σyi → σxi , (17)
σzi → σzi . (18)
Altogether, we have an onsite D4 group of rotations
which is represented projectively (by spin 1/2).
Hence, the arguments in [41–43] rule out a gapped
unique ground state of the spin system; in brief, a gapped
unique ground state in one dimension is short-range en-
tangled, and this local structure leads to incompatibility
between the projective representation of each unit cell
and translation symmetry. By contradiction, the origi-
nal fermion chain cannot have a unique ground state with
a gap in the thermodynamic limit.
TWO AND HIGHER DIMENSIONS
In this section, we first consider two-dimensional sys-
tems with translation symmetry in both directions, peri-
odic boundary conditions, and a single Majorana mode
per unit cell. If the system has one odd length, then de-
generacy of all energy levels follows by bundling all Majo-
ranas along the odd length direction into a supercell and
applying the 1D argument above. However, this method
does not apply to systems with two even dimensions, but
nevertheless the degeneracy holds. The fundamental rea-
son is the fact, established below, that the two transla-
tions TX and TY along the two directions X and Y an-
ticommute when both dimensions NX and NY are even.
This implies (in conjunction with [TˆX , H] = [TˆY , H] = 0)
that all states have at least twofold degeneracy.
We label the array of Majorana modes γi,j by their row
i and column j positions. Translation TX has projective
representation given by the product of translations for
each row:
TˆX =
NY∏
r=1
TˆX,r, (19)
TˆX,r = γr,1 exp
1
4
NX∑
i,j=1
Bijγr,iγr,j
 . (20)
See the Supplementary Material for an explanation of
why the translation operator has the above form; the es-
sential feature is the Majorana operator γr,1 (B, an an-
tisymmetric matrix, is not important for our purposes).
4Then
TˆY TˆX Tˆ
−1
Y =
NY∏
r=1
TˆY TˆX,rTˆ
−1
Y =
NY∏
r=1
TˆX,r+1 (modNY ) (21)
= −TˆX (22)
because each TˆX,r involves an odd number of distinct Ma-
jorana operators and there are an odd number (NY − 1)
of anti-commutations required to return to the origi-
nal ordering of TˆX . Thus, {TˆX , TˆY } = 0, which en-
sures all states have at least twofold degeneracy. We
note that in this case, the degeneracy is not due to
supersymmetry[48].
The above results for periodic boundary conditions
readily generalize to three dimensional systems with at
least one dimension of odd length, but we note that sys-
tems with three even length dimensions need not be de-
generate. As a simple counterexample, consider a 2×2×2
array of Majorana modes with four-Majorana interac-
tions on each face; this Hamiltonian has a unique ground
state.
APPLICATIONS AND PHENOMENOLOGY
Such Hamiltonians involving interacting Majorana
modes serve as effective models for either the boundaries
or vortex lattices of topological superconductors. For ex-
ample, a stack of topological superconducting wires hosts
an array of Majorana modes localized at the ends of the
wires (see Fig. 2). The low energy physics of such sys-
tems is thus described by the interactions of the Majo-
rana modes, for which our work is relevant.
The particular interactions between Majorana modes
depend on how the wires are coupled to each other, and
as an example, a natural effective Hamiltonian for such
systems is considered in [31, 49]:
H = −it
∑
j
γjγj+1 + g
∑
j
γjγj+1γj+2γj+3. (23)
For a particular ratio of t/g, the above system is in the
(supersymmetric) tricritical Ising universality class [31].
However, our work demonstrates that for all values of
t, g, the above system exhibits N = 2 supersymmetry,
and as a consequence all energy levels are at least doubly
degenerate.
Such degeneracy between states of opposite fermion
parity has a distinct signature in tunneling experiments:
for a point contact located near the endpoint of one topo-
logical superconducting wire, there will be a zero bias
peak in the tunneling conductance. However, because
the operator Q (which connects a state to its super-
partner) is generically non-local, the zero-bias peak will
be harder to observe as system size grows. More pre-
cisely, for a point contact to a non-interacting normal
γ
FIG. 2: Our work applies to effective Hamiltonians (green)
describing the Majorana modes (blue) emerging at the end-
points of topological superconductors (vertical chains). Each
oval is a spinless fermion consisting of two Majorana fermions
(black dots).
lead near the endpoint of wire j, the tunneling conduc-
tance is G ∼ e2/h if the temperature and the voltage bias
are both smaller than Λ∗ ∝ |F 〈0|γj |0〉B |2, where |0〉F
and |0〉B are the degenerate ground-state superpartners
[50, 51]. For the Hamiltonian in Eq. (23), we find that
|F 〈0|γj |0〉B |2 = 2/N for any system size N in the non-
interacting case of g = 0. Furthermore, by means of exact
diagonalization, we verify that |F 〈0|γj |0〉B |2 ∝ Nν with
an exponent ν = −1.0± 0.1 in the range of 8 ≤ N ≤ 20
for all parameter values |g/t| ≤ 1. For relatively small
numbers of superconducting wires (which are realistic for
experiments), we therefore expect the zero-bias peak to
be observable. Note that while the zero-bias peak is
expected for a single Majorana mode, it is generically
not present for an even number of modes; the transla-
tion/supersymmetry is crucial here.
There are other routes toward experimental realiza-
tion of the many models of the above type, including
Abrikosov vortex lattices on the surface of topological
insulators [52] and Josephson-coupled topological super-
conductor islands [53], in which charging energy mediates
interactions between the emergent Majorana modes.
SUMMARY AND DISCUSSION
We have shown that one and two dimensional sys-
tems of Majorana modes with translation symmetry, pe-
riodic boundary conditions, and odd number of modes
per unit cell, have at least twofold degeneracy for every
state in the energy spectrum and that this is a reflec-
tion of an underlying N = 2 supersymmetry. Moreover,
we have shown that such a one dimensional system with
anti-periodic boundary conditions cannot have a unique
gapped ground state in the thermodynamic limit. Such
Majorana systems may be realized at the boundaries or
vortex lattices of topological superconductors, and the
degeneracy arising from supersymmetry is potentially
5manifest as a zero-bias peak in tunneling experiments.
Our results motivate the conjecture that for all transla-
tionally invariant Majorana systems with an odd number
of modes per unit cell, there cannot be a unique gapped
ground state in the thermodynamic limit, regardless of
dimension or boundary condition. This leaves the pos-
sibilities of gaplessness and symmetry breaking in one
dimension, and the additional possibility of topological
order in higher dimensions. Furthermore, while our one-
dimensional anti-periodic boundary conditions doubling
analysis conveniently makes use of recent spin system re-
sults, it would be very enlightening to find a direct proof
of the result without having to double the system. It is
not obvious to us how to apply the flux insertion argu-
ments given by Oshikawa [54] and Hastings [55] in our
case since the symmetries are discrete.
Translation symmetry is only one of many crystal sym-
metries that can be considered. Other natural exten-
sions include mirror reflection, inversion, and perhaps
non-symmorphic symmetries as well. The effect of these
symmetries and their interplay with on-site symmetries
such as time-reversal is an intriguing direction for future
work. For now, we note as a small extension of our work
that mirror reflection and inversion each anti-commute
with fermion parity if the number of Majoranas that are
transformed into other Majoranas (and not themselves)
is 4n + 2 for n ∈ Z. We focused on translation sym-
metry because it enables the simplest manifestation of
supersymmetry.
Finally, we note that the double degeneracy of the full
spectrum discussed in our paper can be thought of as er-
godicity breaking that exists at all temperatures. This is
because the degenerate eigenstates that differ in fermion
parity cannot be connected by a local operator in the
thermodynamic limit (note that the operator Qˆ in Eq. (6)
is non-local in general). Furthermore, if the system does
not spontaneously break translational symmetry, finite
energy density degenerate eigenstates |n〉F and |n〉B will
satisfy F 〈n|Oˆ|n〉F = B〈n|Oˆ|n〉B and B〈n|Oˆ|n〉F = 0 for
all local operators O, which is reminiscent of topological
order [4, 56].
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SUPPLEMENTARY MATERIAL
Here we review the Majorana representation of rota-
tions in the orthogonal group O(N) and explain the ex-
plicit form of the translation operator used in the main
text. Consider N Majoranas labeled by γ1, γ2, . . . γN .
We will hereafter assume that N is even. A generic ro-
tation in the space of these N Majoranas is given by
γ′i =
∑N
j=1Rijγj , where R is a real orthogonal matrix
satisfying R · RT = 1. We are interested in projective
representations Rˆ of R ∈ O(N) such that RˆγiRˆT = γ′i
for all i. If R is a proper rotation such that detR = +1,
then it can always be written as R = expA, where A is
a real antisymmetric matrix. In this case, the projective
representation corresponding to R is
Rˆ = exp
1
4
N∑
i,j=1
Aijγiγj
 . (24)
If R is an improper rotation such that detR = −1, it
can always be written as a product of a proper rotation
R′ = expA′ and a reflection given by
S =

1 0 0 · · · 0
0 −1 0 · · · 0
0 0 −1 · · · 0
...
...
...
. . .
...
0 0 0 · · · −1
 . (25)
Note that detS = −1 because N is even. The projec-
tive representation corresponding to S is simply Sˆ = γ1
because γ1γiγ1 = −γi for any i 6= 1 but γ31 = γ1. The
projective representation corresponding to R is then
Rˆ = γ1 exp
1
4
N∑
i,j=1
A′ijγiγj
 . (26)
For a one dimensional ring with an even number of
Majorana modes, the action of translation by one site on
the Majorana modes is:
T =

0 0 0 · · · 0 1
1 0 0 · · · 0 0
0 1 0 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 0 0
0 0 0 · · · 1 0

. (27)
This is an improper rotation when N is even, and there-
fore the corresponding projective representation reads
Tˆ = γ1 exp
1
4
N∑
i=1
N∑
j=1
Bijγiγj
 , (28)
where B is an antisymmetric matrix satisfying T =
S expB. It can be determined by looking at the eigen-
values and eigenvectors of T , but its precise form is not
important for our purposes.
